The cross section which addresses the spin-flip transitions of a proton (antiproton) interacting with a polarized non-relativistic electron or positron is calculated analytically. In the case of attraction, this cross section is greatly enhanced for sufficiently small relative velocities as compared to the result obtained in the Born approximation. However, it is still very small, so that the beam polarization time turns out to be enormously large for the parameters of e ± beams available now.
I. INTRODUCTION
An extensive physical program with polarized antiprotons has been proposed recently by the PAX Collaboration [1] . This program has initiated a discussion of various methods to polarize stored antiprotons (see [1, 2] and literature therein). One option, which was considered, is to use for this purpose the interaction with a polarized electron (positron) beam. When the relative velocity v of two beams is sufficiently small, the scattered antiprotons remain in the beam. In this case, the polarization buildup is completely due to the spin-flip transitions, as it was explained in Refs. [3, 4] . The corresponding cross section was estimated in Ref. [3] in the Born approximation and turned out to be too small (about 10 −3 mb) to provide a noticeable polarization in a reasonable time.
At very small velocities, when α/v 1 (α is the fine-structure constant and = c = 1), the Born approximation becomes invalid. It is well known that for such velocities the cross section is modified due to a corresponding change of the e + (e − ) flux near the origin. A magnitude of the effect can be characterized (see, e.g. [5] ) by the parameter C(ξ) being the squared ratio of the Coulomb and free wave function at the origin:
here ξ = e 1 e 2 /v, so that ξ = α/v for repulsion (e + p or e −p interaction) and ξ = −α/v for attraction (e − p or e +p interaction). At |ξ| ≫ 1, the quantity C(ξ) is large only in the case of attraction where C(ξ) = 2π|ξ|. Since the cross section contains terms ∝ C 2 (ξ), we can figure on the enhancement in e − p or e +p interaction of the order (2πξ) 2 as compared with the Born approximation.
Recently, the enhancement that exceeds C 2 (ξ) by many orders of magnitude was claimed in Refs. [6, 7] . Correspondingly, the conclusion was drawn in [6] that antiprotons can be easily polarized by interaction with a polarized positron beam. The crucial point of the calculation, estimation of the radial integrals, was performed in [6, 7] numerically.
To shed light on the problem, we perform in the present paper an analytical calculation of the cross section, which addresses the spin-flip transitions of an antiproton (proton)
interacting with a polarized non-relativistic positron or electron. Just C 2 (ξ) is obtained as the enhancement factor. It is big enough, but the resulting cross section is still very small (less than 1 mb at v=0.0019 used for estimations in [6] 
II. CROSS SECTION
We assume that v ≪ 1, where v is the relative velocity of an electron and a proton.
Then one can neglect recoil effects for the proton and consider it as a source of the Coulomb field. Thus, we calculate all spin effects with the help of perturbation theory using the exact Coulomb non-relativistic wave functions. A part of the Hamiltonian of the ep interaction dependent on the proton spin reads [8] 
where s 1 and s 2 are the spin operators of a proton and an electron, respectively, L is the angular momentum operator of an electron, and µ 0 = 2.79 is the dimensionless proton magnetic moment in units of the nuclear magneton. We introduce the spinors φ σ and χ λ describing the proton and electron spin states, respectively. Let the initial electron be polarized along the unit vector ζ e and the initial proton along ζ p , so that 2φ
Then the cross section of scattering with the spin-flip transition of the proton has the form
where p 1 and p 2 are the momenta of the initial and final electron, Ω 2 is the solid angle of the
is the wave function of the initial electron containing at large distances a plain wave and the divergent spherical wave, ψ (−) p 2 (r) is the wave function of the final electron containing at large distances a plain wave and the convergent spherical wave. These wave functions read
Here k 1,2 = p 1,2 /p , n = r/r , δ l and R p,l (r) are, respectively, the phase shifts and radial wave functions of an electron in a Coulomb field, P l (x) are the Legendre polynomials. Substituting these wave functions into Eq. (3) we obtain the matrix element in the form
where
In what follows we assume that in the rest frame of a proton beam the velocities v of electrons are randomly distributed over their directions. Therefore we average the cross section over the direction of the vector k 1 . It is convenient to perform integrations in the following order. We integrate |M| 2 first over k 1 and k 2 and then over the angles of n using the relations
As a result we have
with
Calculating the vectors S 1 and S 2 and taking the sum over λ f , we finally arrive at
A contribution of the LS-interaction to σ is given by the last term in Eq. (9) which is independent of the electron spin. Therefore, it does not lead to the appearance of a hadron beam polarization but contributes to its depolarization.
III. RADIAL INTEGRALS
Let us consider the functions F l and G l . We calculate them using the convenient integral representation of the electron Green function in a Coulomb field found in Ref. [9] and the relation for the wave functions of the continuous spectrum
where k = p/p , E = p 2 /(2m e ), and
is the discontinuity of the Green function on the cut. Then we obtain
where J ν (x) is the Bessel function. Remember that, according to our definition Eq. 
Substituting the asymptotic form of R p,l (r 2 ) at small distances [5] into Eq. (11), we arrive at the following integral representation for R p,l (r)
where Γ(x) is the Euler gamma function. Then we substitute Eq. (12) into the definition of the function F l in Eq. (8) and take the integral first over r and then over the parameter s.
In order to change the order of integration we deform the contour of integration over s so that it passes in the positive direction around the point s = 0. After that all integrals can be easily taken and we obtain
where ψ(z) = d ln Γ(z)/dz. In the limit ξ → 0, i.e. in the Born approximation, f l (ξ) → 1.
The term in f l (ξ) linear with respect to ξ is the only odd term. It comes from the contribution of the small half-circle around the point s = 0. All the higher order terms in ξ are the even functions of ξ. Using the relation
we can present the function f l (ξ) as
where C(ξ) is just the factor introduced in Eq. (1) . So, at |ξ| ≫ 1 the radial integral 
Note that G l is an even function of ξ, being suppressed at |ξ| ≫ l as 1/ξ 2 .
Substituting the calculated radial integrals Eqs. (14) and (16) into Eq. (9) and recollect-
, we obtain the final form of the cross section
.
The last sum in Eq. (17) has been regularized by introducing l max ≫ 1, as it is logarithmically divergent at large l. This divergence is well known (see, e.g. [8] ) and addresses a singular behavior of the Born amplitude at small scattering angle. So that we can set 
where the spin independent term dominates. It is evident from Eq. (17) that we can figure on some polarization effects only for the attractive potential (ξ < 0) at |ξ| ≫ 1. For this case, we obtain from Eq. (17)
Note that typically l max ≫ |ξ| which has been used in the derivation of Eq. (18).
IV. KINETICS OF POLARIZATION
The kinetics of the polarization buildup due to interaction with various polarized targets was considered in detail in Ref. [3] . In the case of initially unpolarized proton beam interacting with the polarized electron beam, when the direction of the relative velocity v of electron and proton is random, the arising polarization of the proton beam is collinear with the direction of the electron beam polarization. The polarization degree of the proton beam , P (t) , at time t reads
Here f is a revolution frequency, n is a density of the electron beam, l is the length of the interaction region, V b is the proton beam velocity. All these quantities are defined in the lab frame. In Eq. (19), P e is the polarization degree of the electron beam and the cross sections σ −+ and σ +− are obtained from Eq. (18) with ζ p = ζ e and ζ p = −ζ e , respectively. If P e = 0 but the proton beam has some initial polarization P (0), then P (t) = P (0) exp(−Ωt), i.e.
the rates of depolarization and polarization are the same.
From Eq. (18) we obtain
At v=0.0019 used for estimations in [6] and ρ ≈ 1 cm , we have P 0 ≈ 0.78 which is big enough. However, for the same parameters, we have σ tot ≈ 0.75 mb that is drastically different from the result σ tot ≈ 4 · 10 +13 barn obtained in [6] . When the correct value of σ tot is used, the beam polarization time, τ = Ω −1 , becomes enormously large for the parameters of e ± beams available now. For example, to reach the scale of days for τ at values of v, f , and l used in [6] , the positron beam density should be higher than n ≈ 5 · 10 16 cm −3 . Even in the case of the permanent interaction of two beams, when τ = 1/(nvσ tot ) is minimal, the polarization time about one day is obtained at v=0.0019 for the density n ≈ 3 · 10 14 cm −3 .
In the present paper, the cross section which is averaged over directions of relative velocities (over k 1 = p 1 /p), is calculated. We have also obtained the cross sectionσ without such averaging. At ξ < 0 and |ξ| ≫ 1, we have forσ In particular, at v=0.0019 and ρ ≈ 1 cm , we haveσ Let us note that the contribution of the logarithmic term to the cross section at |ξ| ≫ 1 is relatively small being about several percent in the above examples. If we neglect such terms, the dependence of the cross section on relative velocity is reduced to the common factor ξ 2 .
We conclude that the cross section, which addresses the spin-flip transitions of an antiproton (proton) interacting with a polarized non-relativistic positron or electron is derived
analytically. In the case of attraction, the cross section is strongly enhanced at α/v ≫ 1 as compared with that obtained in the Born approximation. However, this enhancement is insufficient for providing a practical use of positron beams to polarize stored antiprotons.
Thus, the filtering method is still the most promising way for that (see, e.g. [10] ).
